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V I S C O S I T Y  O F  T H E  L I Q U I D  P H A S E  IN A D I S P E R S I O N  
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The motion of a dispersion (continuous medium and particles) may be 
described [1] v ia the  equations oi conservation ofmat ter  and momentum 
for the two phases separately. Here it is necessary to know how the vis-  
cosity, pressure in the solid, and other quantities vary with the param- 
eters of the motion. This difficulty occurs even for the very simple 
model where the internal stresses in the dispersed phase are taken as 
zero, as there is then an uncertainty as to the viscosity of the medium,  
which is not a mater ia l  constant and is dependent on the concentration. 
There is also uncertainty as to me forces of interaction between the 
phases. There are numerous empirical  relationships for these forces, 
and also a theoretical one[ 2]. Here an analogous method is applied 
m derive an expression for the viscosity of the liquid. This viscosity 
applies to a liquid filtering through a porous medium in the particular 
case where the concentration is such as to produce close packing of the 
solid particles. The result corresponds to standard formulas in the case 
of low concentrations. 

W e  e n v i s a g e d  h i n d e r e d  f l o w  of  t h e  m e d i u m  a r o u n d  

t h e  p a r t i c l e s  o n  t h e  b a s i s  o f  a c e l l u l a r  m o d e l ,  in  w h i c h  

to  e a c h  p a r t i c l e  o f  r a d i u s  a t h e r e  c o r r e s p o n d s  a 

s p h e r i c a l  c e l l  o f  r a d i u s  b > a c o n c e n t r i c  w i t h  t h e  p a r -  

t i e l e ,  t h e  p e r t u r b a t i o n s  c a u s e d  b y  t h e  p a r t i c l e  b e i n g  

l o c a l i z e d  in  t h a t  c e l l  [3 ] .  T h e  s u r f a c e s  o f  s u c h  c e l l s  

r e p r e s e n t  s u r f a c e s  of  s y m m e t r y  s e p a r a t i n g  t h e  z o n e s  

o f  i n f l u e n c e  o f  t h e  p a r t i c l e s .  W e  e q u a t e  t h e  v o l u m e  of  

a c e l l  t o  t h e  s p e c i f i c  v o l u m e  of  a p a r t i e I e  in  t h e  s y s t e m  

to get  

b = u p - % .  (1) 

T h e  g e n e r a l  m e t h o d  o f  [4 ]  w i l l  b e  e m p l o y e d .  In  t h e  

S t o k e s  a p p r o x i m a t i o n ,  t h e  e q u a t i o n  f o r  t h e  v e l o c i t y  

p e r t u r b a t i o n s  i n  t h e  l i q u i d  a n d  p a r t i c l e  i s  

A [ V x v ] = O .  

Let the flow unper turbed  by the pa r t i c l e  be defined by 

~0 ~ Otik~Ck~ ff~ii ~ O, Otik ~ Otki . 

A s  d i v  v = 0,  t h e  v e c t o r s  v m a y  b e  r e p r e s e n t e d  a s  

t h e  r o t o r s  o f  c e r t a i n  a x i a l  v e c t o r s ,  a n d  t h e  l a t t e r  

s h o u l d b e  l i n e a r i y  d e p e n d e n t  o n  t h e  t e n s o r  a i k ,  s o  t h e y  

m a y  b e  w r i t t e n  in  a s i n g l e  w a y ,  a n d  h e n c e  w e  g e t  f o r  

t h e  v e l o c i t i e s  o u t s i d e  a n d  w i t h i n  a p a r t i c l e  

v = V x iV x ( a V / ) ] ,  a V I  = o~i, O / ]  Oz~ , 

in which f is a s c a l a r  function of r .  The equat ion fo r  f ,  

A ~ IV x (aVf)l = 0 ,  

has the gene ra l  solut ion 

/ = ~ r  6 + Y r  4 + 6 r + ~ r  - ~ + ~ ,  

in which 3 ,  T, 5, a, and ~ a r e  a r b i t r a r y  constants .  

The v e l o c i t i e s  in the range  0 -< r -< b m u s t  be 
f i n i t e ;  w e  u s e  a p r i m e  t o  d e n o t e  q u a n t i t i e s  r e f e r r i n g  

to  t h e  f l o w  w i t h i n  a p a r t i c l e .  T h e n  

r~ 3 r e - ( ( ~ n ) n ) n +  

+ - -  A r a +  T % z -  , 

5 Dr)  (~n)  v '  2 A ' r  a ((~n) n)  n + ( - -  -3 A'ra + 

+ 2 B ~  

P '  = t ~' @ A' r2  ((~r + Pz (2) 

in which n = r / r ,  whi le  Per is  the change in the p r e s s u r e  
d i scont inu i ty  at the su r f ace  of a p a r t i c l e  due to the 
s u r f a c e  t ens ion ,  the change being due to d i s to r t ion  of 

this s u r f a c e  r = a,  whe re  we m u s t  have  cont inui ty  in 
the n o r m a l  and tangent iM components  of the total  v e -  
l oc i t i e s ,  while  the n o r m a l  component  of the ve loc i t y  
m u s t  be ze ro .  These  quant i t ies  a r e ,  in g e n e r a l ,  a r b i -  
t r a r y  at the s u r f a c e  of a cel l .  

There have been many discussions concerning the boundary con- 
ditions at r = b, and many different conditions have been proposed. 
Choice of these conditions is one of the major objections to the model 
[g].  On the other hand, simple physical considerations lead to a singIe 
boundary condition at r -- b, since the essence of the cell model con- 
sists in averaging and smoothing the volumes taken up by the particles, 
the cell being a measure of this smoothed volume. This averaging is 
equivalent to the assumption that the particles are identical,  as are the 
cells, which may be justified if the number of particles in the system 
is sufficiently large; but then symmetry considerations at once show 
that the radial component of the velocity perturbation must be zero at 
r = b. Of course, it is clear that the cell model is only an approxi- 
mation to a real system; but the model gives good results for the forces 
between the phases and agrees well with empirical  relationships [2]. 
Moreover, a similar model has been used with success in kinetic theory, 
so we may reasonably expect that this model will give satisfactory 
agreement  with experiment as regards the effective viscosity. 

There are thus five arbitrary constants and Po (an additional degree 
of freedom in this problem) to satisfy six boundary conditions, and p~ 
appears only in the condition for continuity of the normal stresses at 
r = a; thus the problem can be simplified by discarding this boundary 
condition, as has been done previously [2, 6], if the derivation of Po 
is of no particular interest. In fact, if  we assume that  the  perturbation 
of the surface of a particle is small ,  all the boundary conditions (apart 
from the condition of continuity for the normal stresses) may be written 
for an unperturbed spherical surface, since all terms related to surface 
perturbation are of high orders of smallness. On the other hand, Po is 
of the same order as the other terms in the condition for continuity of 
the normal stresses, and the condition itself defines the a priori unknown 
distortion of the surface of a particle. An analogous situation arises in 
the case of flow around a body coated with a liquid film [6],  and also 
in relation to the forces of phase interaction in a disperse system [2]. 
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So far  as we  a r e  aware ,  this f e a t u r e  has  neve r  b e e n  e x p l i c i t l y  

po in ted  out in t he  l i t e ra tu re ,  wh ich  has led  to misunders tand ings .  * We 

h a v e  the re fo re  a d d e d  a n  append ix  in  w h i c h  we cons ider  more  fu l ly  t he  
r e s i s t ance  to a drop and the  d is tor t ion  of the drop.  

3 
E ]to 

/ 
/ 

f 
g ~2 ~q g8 

= 4nb~a~ vo~~ \3(2 __ 1415 Ab~ -t- T~'-~-)" 

We in t roduce  ~ = a /b  and note that (1) gives ~2 = P, 
SO 

2 (~ + i) --  7x~ + (5• -- 2) ~ 

Then the effect ive v i scos i ty  p(p) is 

5x + 2 - -  ~1~ u~ 2 - -  ~/~ (u - -  t) ~7 p ] .  
I x (o) = Ixo [t A- - - 2 ~ +  ~) -- 7X~ + (sx -- 2) ~ 

In the I i m i t ~  ~ (suspension of sol id pa r t i c l e s )  

IX(~) (p) = Ix0 (t -t- - - 2 -  7~ ~ § 5~ 

(4) 

(~) 

The exp re s s ions  for the cons tants  in (2) are  as 
follows : 

t [(5• -t- 2) ~a - -  3u~7], Aa 2 = ~-~-~, ~) 

B t 
a" ~ (• ~) [5 •  + 2 -t- 2 (n  - -  t )  ~7 ] ,  

C t .~- = ~ (--~-~,  ~) [3• + 2 (• - -  1) ~], 

�9 i A'a"- ---- b ~ (3 + 7~ ~ - -  5~7), 

A (x, ~) =- - -  2 (• + t) + 7x~ ~ - -  (5z - -  2) ~7, 

} = a / b = p ' / , ,  x=IX'/IXo.  (3) 

The mot ion  is comple te ly  defined by exp re s s ions  
(3), taken with (2) and with pa  [found s imp ly  f rom the 
cont inui ty  of the n o r m a l  s t r e s s e s ,  which has not been 
used  in (3)]. 

The t enso r  for  the mean  s t r e s s e s  equals  the mean  
taken over  the cel l  volume for the t e n s o r  for  the m o -  
men tum flux densi ty  in the sys t em 

where  it is r e ad i l y  seen  that (p) - O, so we have 

1Iv  s j dV + <~i~ > = -~o 

{ o~ + o~ ~ dV ] 
+ ~,o I ~ ~ " ~  J ' 

a < r < b  

in which V 0 is cel l  volume.  Gaus s ' s  t heo rem,  with the 
cont inui ty  of the veloci ty  at r = a, gives 

r~b  

*see, for example, Slezkin's abstract of[6] (Ref. Zh. Mekhanika, no. 
6, B648, 1966). 

In the l imi t  ~4 ~ O (system of gas bubbles  in a liquid) 

2 -[- 4/~7 p). 
IX(2) (p) = Ix0(l + ~(~ :~)  (6) 

It is r ead i ly  seen  that (4) in the ease p << 1 (dilute 
sy s t ems )  becomes  T a y l o r ' s  fo rmula ,  while (5) and (6) 
become E i n s t e i n ' s  fo rmula  and Mark ' s  fo rmula ,  r e -  
spect ively .  T h e f i g u r e  shows p(1)/~0 and ]~(~)/P0, where  
the dashed l ines  r e p r e s e n t  the la t te r  two s t anda rd  

fo rmulas .  
The p (p) given by (4)-(6) is the effect ive v i s cos i t y  

for a l iquid pas s ing  through a porous body with po-  
ro s i t y  e = 1 - p. The total  m o m e n t u m  t r a n s f e r  in the 
s y s t e m  cons i s t s  of s e ve r a l  pa r t s ,  which a re ,  in gen-  
e ra l ,  i n t e rdependen t  : 

1) m o m e n t u m  t r a n s f e r  within the l iquid; 
2) m o m e n t u m  t r a n s f e r  r e l a t ed  to local  pulsat ion 

movement s  of the pa r t i c l e s  ; 
3) m o m e n t u m  t r a n s f e r  due to f r i c t ion  between p a r -  

t i c les ,  inhomogenei ty  in the ex te rna l  fo rces ,  etc. 
It is c l ea r  that r e l a t ions  (4)-(6) desc r ibe  only the 

par t  of the momen tum t r a n s f e r  a ssoc ia ted  with m o v e -  
ment  of the liquid phase;  p(p) coincides  with the v i s -  
cosi ty  of the sys t em as a whole only when the la t te r  
two components  in the m o m e n t u m  t r a n s f e r  a re  n e g -  
l igible r e l a t ive  to the f i r s t .  Cer t a in  r e su l t s  [9] allow 
one to e lucidate  the n e c e s s a r y  condit ions for s m a l l n e s s  
of the second component .  The th i rd  component  may  be 
cons ide red  as s m a l l  if the concen t ra t ion  is not too 
c lose  to the c lose -pack ing  concen t ra t ion .  

It appears  to be usual  in mos t  of the papers  known 
to us to ignore  the difference between the v i scos i ty  of 
the liquid phase and the total  effect ive v i scos i ty  of the 
sy s t e m;  in p a r t i c u l a r ,  this is so in mos t  papers  on the 
cel l  model .  F o r  this r eason ,  some  r e s u l t s ,  in p a r t i c -  
u la r  S imha ' s  f o r mu l a  [3], r e l a t e  to ne i the r  v i scos i ty .  

Most e x p e r i m e n t s  [7] on suspens ions  of modera te  
concen t ra t ion  fail  to mee t  the condit ions for  ag reemen t  
between the v i scos i t i e s  of the liquid phase and the 
suspens ion ,  so these expe r imen t s  a re  not sui table  for 
t es t ing  (4)-(6);  but there  are  data ( e .g . ,  [8] on the 
c reep  of solut ions  of concre te )  that indicate  that E i n -  
s t e i n ' s  fo rmula  applies  approx imate ly  not only for p 
from 0 to 2-30/o (as is usua l ly  a s sumed)  but a lso for 
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a l l  p up  to  50-6(5/0. T h e  d e n s i t i e s  of t he  p h a s e s  w e r e  

a p p r o x i m a t e l y  i d e n t i c a l  u n d e r  t h e  c o n d i t i o n s  of t h e s e  
e x p e r i m e n t s ,  a n d  A r c h i m e d e s '  n u m b e r  w a s  e x t r e m e l y  

s m a l l ,  m a i n l y  on a c c o u n t  of t he  h i g h  v i s c o s i t y  of t h e  
c e m e n t  b a s e  t h a t  s e r v e d  as  t he  d i s p e r s i o n  m e d i u m .  

T h e  c o n d i t i o n s  of s m a l l n e s s  f o r  t h e  i n t e r n a l  s t r e s s e s  

in t he  d i s p e r s e d  p h a s e  w e r e  t h e r e f o r e  m e t  f o r  n e a r l y  

a l l  p, and  i t  i s  p o s s i b l e  to  c o m p a r e  t he  e x p e r i m e n t s  

w i t h  t he  p(p)  of ( 4 ) - ( 6 ) .  T h e f i g u r e  s h o w s  t h a t  p(p) c a n  

a c t u a l l y  b e  f o u n d  f r o m  E i n s t e i n ' s  f o r m u l a  o v e r  a w i d e  
r a n g e  in p. 

T h e r e  is  a l s o  t he  a n o m a l o u s - v i s c o s i t y  e f f e c t ,  in  
w h i c h  t h e  m e a s u r e d  v i s c o s i t y  of a s u s p e n s i o n  is s o m e -  

w h a t  l e s s  t h a n  t h e  v a l u e  i n d i c a t e d  b y  E i n s t e i n ' s  f o r -  

m u l a .  T h i s  c o r r e s p o n d s  to t he  r e g i o n  of  p no t  too  
l a r g e  in  t h e  f i g u r e .  

T h e  p(p)  of (5) c h a r a c t e r i z e s  t h e  v i s c o u s  b e h a v i o r  
of a f i l t e r i n g  l i q u i d  a n d  d e f i n e s  the  v i s c o u s  t e r m  t h a t  

c a n  be  a d d e d  w h e n  n e c e s s a r y  to t he  D a r c y  f i l t r a t i o n  

e q u a t i o n s .  In p a r t i c u l a r ,  a t e r m  of t he  f o r m  

(p) O~u~ / OxjOxj 

m a y  b e  e n t e r e d  in  the  e q u a t i o n s  of r e l a t i v e  m o t i o n  

( i n t e r p h a s e  s l i p )  f o r  a f l u i d i z e d  b e d  [10] .  

APPENDIX 

D/stortion of  a m o v i n g  drop in  a viscous liquid. We solve the equa- 
tions of motion within and outside the drop, neglecting inertial terms, 
to get 

b~ 
u) cos O, 

bl b2 
% = ( 2--fi--- 2~-r-- u) sin 0, p =  p,b~/r2cosO, 

v / =  (air~ + a.2) cos 0, %" =(-- 2air ~" - -  a.,.) sin 0, 

p ' = F "  ]0a~r cos0  

in which primes denote quantities for flow within the drop and u is the 
speed of the liquid at an infinite distance from the drop. The drop may 
be considered as spherical to small quantities of the first order, and we 
get the following results from the conditions for continuity of the veloc- 
ity, the tangential component of the stress, and zero radial motion at 
the surface of the drop: 

bl u Ix" b~ u 3 p / @  2 F 
R 3 2 F + P " '  R 2 I ~ + F  ' ' 

u F u p, 

Simple steps then give the standard formula for the resistance; 
but the condition for continuity in the normal stresses at r = a is net 
obeyed, and at that point we have the additional pressure discon- 
tinuity 

9 F~'F~ cos 0 �9 P a ~ P - - P ' - -  2 R p,+ 

We assume that the equation for the perturbed sphere is r = a + 
+ g(O), ~ << a, to express Po via derivatives with respect to ~, where- 

upon 

d2~ .+ cosO d~ 9 uR !~__ ;cos 0 
dO -.--/ si-T~ff-~ + 2 ~ = -  2 ~- 

The general solution of this equation is 

(O)= 2 ~ V t ~ i n s i n 0 +  

sl i - - c o s 0 ~  a +82]cosO (Si=c~ 
+ -~- in t + cos 0 --  cos 0 \s2 = dons~]" 

We choose s I so that ~(O) has no singularities at 0 equal to 0 and 7r 
to get 

3 uB "FF' 
~ ( 0 ) -  2 a p,-4-,a' x 

- ] x cos 0 Lln sin 0 -- + In 1 +---@--~yg + ~ i  - -  cos 0 1 + s~ cos 0 , 

while s 2 is determined from the condition of constant volume of the 
drop: 

I ( a +  (0)) 3 s i n 0 d 0 ~ 2 a  3. 

0 

The condition for continuity of the normal stress thus defines the 
distortion of the drop and has no application to the derivation of v, v', 
p, or the formula for the resistance. This feature ,may be formatty 
taken into account by putting p' = /(10alr + aa)cose, i.e., by intro- 
ducing a new constant a3 into the expression for p', as has been done 
previously [2, 6]. 
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